We review the basic algebraic properties of the quantum monodromy matrix M in the canonically quantized chiral SU(n) k Wess-Zumino-Novikov-Witten model with a quantum group symmetry.
Introduction
The Wess-Zumino-Novikov-Witten (WZNW) model [17] on a 2D cylindric spacetime (with periodic space coordinate) describes the conformal invariant free motion of a closed string on a Lie group manifold [13] . We will only consider here the case of a compact semisimple Lie group G and positive integer level k , and the explicit calculations will apply exclusively to G = SU(n). Canonical quantization prescribes replacing the classical Poisson brackets (PB) by commutators or, in the case of quadratic PB, by exchange relations such that the classical symmetries are recovered in the quasiclassical limit. Here is a short list of references on the subject covered below: [5, 1, 12, 7, 2, 14, 10, 9] .
The 2D WZNW field admits a chiral splitting in a product of left and right movers. The chiral field g(z) (where z = e ix and x is a light cone variable) is only twisted-periodic, g(e 2πi z) = g(z) M , where M is the monodromy matrix 1 . The corresponding exchange relations with a constant statistics matrixR read
where z 12 → z 21 = e −iπ z 12 [10] . It is assumed thatR 12 = P 12 R 12 (we are using the common tensor product notation) where P 12 is the permutation matrix, P αβ ρσ = δ α σ δ β ρ , and R 12 is a solution of the quantum Yang-Baxter equation
The virtue of the exchange relations (2) is that they reveal, along with the left G-symmetry (acting on the capital latin indices of g A α (z)), also right quantum group [4] invariance with respect to transformations satisfying the RT T relations
which is the quantum counterpart of the Lie-Poisson symmetry of the corresponding classical Poisson brackets. The relations (3) identifyR i as generators of the (nonabelian) braid group statistics of the model. The first sign that the WZNW model is somehow related to quantum groups appeared in [16] . Although it became soon clear that the quantum group symmetry does not hold in the unitary version of the model (in particular, the quantum group representation ring does not close on the "physical" representations), it seems to be the appropriate internal ("gauge") symmetry for a logarithmic extension of it (see e.g. [15, 8, 11] ).
The monodromy matrix M obeys the reflection equation
while its exchange relations with g(z) read
The quantum group properties of the chiral field g(z) become transparent by taking as R 12 the U q (G C ) Drinfeld-Jimbo quantum R-matrix (where G C is the complexification of the Lie algebra G of G ) and performing the factorization of M into a product M + M −1 − of two upper, resp. lower triangular matrices such that 1 We start with a general monodromy matrix (clasically, M ∈ G). The case when M belongs to the maximal torus will be considered later as a diagonalization problem. The possibility of analytic continuation in z (in correlation functions) due to energy positivity is implicitly assumed.
(7) According to a deep result of Faddeev, Reshetikhin and Takhtajan [6] , a quotient of the Hopf algebra generated by the entries of M ± and endowed with a coalgebra structure in which the coproduct, counit and antipode are defined as
respectively, is equivalent to a certain cover U q of U q (G C ) . The exchange relation (9) (leading to (6) ) implies that each row of g(z) = (g A α (z)) is a U q vector operator. The factorization of M actually involves a "quantum prefactor" [10] ; in particular, for G = SU(n) when the deformation parameter is q = e
The quantum SU(n) WZNW monodromy matrix M and its components M ± , as matrices with non-commutative entries, are the main objects of interest for us in this paper. In Section 2 we remind the FRT construction and provide some important technical details of it. Section 3 is devoted to the diagonalization of M . In the last Section 4 we introduce the quantum determinant det q (M) [9] and discuss some of its properties. The results are illustrated by explicit formulae for small n .
U q in disguise: the FRT construction
One of the amazing results in [6] is that a quotient of the RT T algebra (4), regarded as a deformation of the algebra of functions on a matrix Lie group G , is Hopf dual to a certain cover of the QUEA U q (G ) . The "classical" (q = 1) counterpart of this fact is the realization, due to L. Schwartz, of the universal enveloping algebra U(G ) as the non-commutative algebra of distributions on G supported by its unit element,
e (G) (see Theorem 3.7.1 in [3] ). The details below concern the case G = sℓ(n) . As shown in [6] , the Hopf algebra (7), (8) is dual to Fun(SL q (n)) , the det q (T ) = 1 quotient of the RTT algebra (4) (for an appropriate definition of the quantum determinant) with coalgebra relations written in matrix form as
The Chevalley generators of U q (sℓ(n)) obey the commutation relations
and, for n > 2 , also the q-Serre relations
Here
The coalgebra structure is defined on the generators as follows:
On the other hand, using the explicit form of the Drinfeld-Jimbo U q (sℓ(n)) R-matrix,
Eqs. (7) give rise to the following relations for the components of M ± :
We will denote
thus introducing a quotient of the algebra (7) . From (16) we obtain, in particular,
As d α commute, their order in the product defining det D in (17) is not important. Using the triangularity of M + and M − in deriving (18) is crucial. Moreover, due to it, the coproduct (8) of a matrix element of M + or M − belonging to the corresponding "m-th diagonal" (for m = 1, . . . , n) contains exactly m summands. Thus, the diagonal elements
for 1 ≤ i ≤ n − 1 (here m = 2). The comparison with (14) suggests that
where x i and y i are some yet unknown q-dependent coefficients. For α = i + 1 , β = i , the second and third relation in (18) as well as the condition (17) are satisfied if
the new set of independent Cartan generators k 1 , . . . , k n−1 obeying
Inserting (20) into the last Eq.(18) and using the second and third relation (18) from which it follows that
The commutation relation (16) 
where D i+2 is some group-like element and z is another unknown q-dependent coefficient, taking the corresponding coproduct (8) and using (20), (14) , we obtain
A similar calculation shows that
We will fix the coefficients x i and y i satisfying (23) in a symmetric way:
are in fact the non-trivial q-Serre relations (13) written as
One can obtain in a similar way the higher off-diagonal terms of the matrices M ± (for example, (M + )
. The result can be summarized in
where the nilpotent matrices N + and N − are upper and lower triangular, respectively, with matrix elements given by the corresponding (lowering and raising) CartanWeyl generators, while the non-trivial entries d α , α = 1, . . . , n of the diagonal matrix D are expressed in terms of k i (21). Writing K i = q H i , i = 1, . . . , n − 1 and using (22) allows to present k i as k i = q h i where h i are dual to the fundamental weights,
As det c (n) = n for c (n) := (c i j ) sℓ(n) , (28) infers that an inverse formula expressing k i in terms of K i would involve "n-th roots" of the latter 2 ; indeed,
Thus the Hopf algebra U q generated by E i , F i , k i is an n-fold cover of U q (sℓ(n)) . Note that the U q invariance of the vacuum vector can be written as
where ε(X) is the counit (see (8) or, equivalently, (27), (14), (22)). We display below the matrices D and N ± (27) in the cases n = 2 and n = 3 . n = 2:
2 The determinant of the sℓ(n) Cartan matrix obeys
The diagonal monodromy matrix M p
The natural solution of the diagonalization problem for the chiral SU(n) WZNW monodromy matrix M appears to be the diagonal matrix M p defined as
(see e.g. [10] ). Here q p i form a commutative set of operators (q p i q p j = q p j q p i ) satisfying ∏ n i=1 q p i = 1 , the zero modes' matrix (with non-commutative entries) a obeys the relations
as well as an appropriate (n-linear) determinant condition, andR 12 (p) in (35) is a solution of the quantum dynamical Yang-Baxter equation [14] . The q
1− 1
n prefactor of M p (34) has a quantum origin [10, 9] . Applying both sides of the first relation (34) to the vacuum and using (10), (30) and the first equation (35), we deduce that the equality
should hold for any i (and α). The natural way to satisfy (36) is to set
Here p
of the Weyl vector ρ in the orthogonal basis of the sℓ(n) weights.
These two relations give rise to a Fock representation of the zero modes' matrix algebra generated by polynomials P(a) applied to the vacuum vector. For homogeneous polynomials, the action of a i α on the vector P(a) | 0 can be depicted as adding a box to the i-th row of a Young-type diagram. In the case of admissible sℓ(n) diagrams (associated to irreducible representations (IR) with highest weight Λ ) the eigenvalues of q p i on P Λ (a) | 0 are expressed in terms of the barycentric coordinates of the shifted weight Λ + ρ . For q generic, the Fock space is in fact a model space (a direct sum of all IR with multiplicity one) of U q [10] . In the case at hand q is an (even) root of unity, and a more complicated structure including indecomposable U q representations occurs (see [11] where the simplest, n = 2 case has been studied).
The first equation (35) implies the following exchange relation of M p and a:
(38) On the other hand, the exchange relation between M and a is similar to (6):
The compatibility of Eqs. (38) 
It is easy to verify Eq.(40) for n = 2 when
(here p := p 12 and α = α(p)), so that
4 The quantum determinant det q (M)
As shown in [9] , the appropriate definition of the quantum determinant of M is
and the quantum antisymmetric tensors vanish whenever some of their indices coincide, while their non-zero components are given by
for (α 1 , . . . , α n ) a permutation of (n, . . . , 1) of length ℓ(α) .
The corresponding independent definition of det q (M ± ) does not involve the Rmatrix and is thus simpler; due to the triangularity of the matrices, only the n! products of (commuting) diagonal entries survive in the sum so that, by (45), the end result complies with (17) : 
Of course, this is a highly desirable result, as it appears as a quantum counterpart of the similar classical property.
We will end up by calculating det q (M) for n = 2 directly from (44). In this case ε 12 = ε 12 = −q (50) (Note that only k 2 = K ∈ U q (sℓ(2)) appears in (50) and not k ∈ U q alone [8, 11] .) Now using KE = q 2 EK , [E, F] =
as prescribed by (47).
